Ultra-massive hydrogen-rich (DA spectral type) white dwarf (WD) stars (M > 1M ) coming from single-star evolution are expected to harbor cores made of 16 O and 20 Ne, resulting from semi-degenerate carbon burning when the progenitor star evolves through the super asymptotic giant branch (S-AGB) phase. These stars are expected to be crystallized by the time they reach the ZZ Ceti instability strip (T eff ∼ 12 500 K). Theoretical models predict that crystallization leads to a separation of 16 O and 20 Ne in the core of ultra-massive WDs, which impacts their pulsational properties. This property offers a unique opportunity to study the processes of crystallization. Here, we present the first results of a detailed asteroseismic analysis of the best-studied ultra-massive ZZ Ceti star BPM 37093. As a second step, we plan to repeat this analysis using ultra-massive DA WD models with C/O cores in order to study the possibility of elucidating the core chemical composition of BPM 37093 and shed some light on its possible evolutionary origin. We also plan to extend this kind of analyses to other stars observed from the ground and also from space missions like Kepler and TESS.
1 Input physics, evolution/pulsation codes, and stellar models
The evolutionary models were generated by Camisassa et al. (2019) employing the LPCODE evolutionary code. The evolutionary tracks are shown in Fig. 1 . The input physics of LPCODE is described in Camisassa et al. (2019) and we refer the interested reader to that paper for details. Of particular importance in this work is the treatment of crystallization. Cool WD stars are supposed to crystallize due to the strong Coulomb interactions in their very dense interior (van Horn 1968) . In our models, crystallization sets in when the energy of the Coulomb interaction between neighboring ions is much higher than their thermal energy. The release of latent heat, and the release of gravitational energy associated with changes in the chemical composition profile induced by crystallization, are consistently taken into account. The chemical redistribution due to phase separation and the associated release of energy have been considered following Althaus et al. (2010) , appropriately modified by (van Horn 1968) for ONe plasmas. To assess the enhancement of 20 Ne in the crystallized core, we used the azeotropic-type phase diagram of Medin & Cumming (2010) . The pulsation code used to compute nonradial g(gravity)-mode pulsations is the adiabatic version of the LP-PUL pulsation code described in Córsico & Althaus (2006) . To account for the effects of crystallization on the pulsation spectrum of g modes, we adopted the "hard sphere" boundary conditions (see Montgomery & Winget 1999) . Our ultra-massive WD models have stellar masses M = 1.10, 1.16, 1.22, and 1.29M . They result from the complete evolution of the progenitor stars through the S-AGB phase. The core and inter-shell chemical profiles of our models at the start of the WD cooling phase were obtained from Siess (2010) .
Chemical profiles and the Brunt-Väisälä frequency
The cores of our models are composed mostly of 16 O and 20 Ne and smaller amounts of 12 C, 23 Na, and 24 Mg. Since element diffusion and gravitational settling operate throughout the WD evolution, our models develop The chemical profiles in terms of the fractional mass for 1.29M ONe-core WD models at T eff ∼ 12 000 K and H envelope thicknesses log(M H /M ) = −6 and −10 are shown in the left panel of Fig. 2 . A pure He buffer develops as we consider thinner H envelopes. At this effective temperature, the chemical rehomogeneization due to crystallization has already finished, giving rise to a core where the abundance of 16 O ( 20 Ne) increases (decreases) outward. In the right panel of Fig. 2 we show the logarithm of the squared Brunt-Väisälä frequency corresponding to the same models shown in the left panel of the figure. The peak at − log(1 − M r /M ) ∼ 1.4, which is due to the abrupt step at the triple chemical transition between 12 C, 16 O, and 20 Ne, is within the solid part of the core, so it has no relevance for the mode-trapping properties of the models. This is because, according to the hard-sphere boundary conditions adopted for the pulsations, the eigenfunctions of g modes Table 1 . Frequencies and periods of BPM 37093 (Metcalfe et al. 2004) , along with the theoretical periods, harmonic degrees, radial orders, and period differences of our best-fit model. do not penetrate the crystallized region. In this way, the mode trapping properties are entirely determined by the presence of the He/H transition, which is located in more external regions for thinner H envelopes. The pulsation properties of these models have been explored by De Gerónimo et al. (2019) and Córsico et al. (2019) .
3 Application: asteroseismological analysis of the ultra-massive ZZ Ceti star BPM 37093 BPM 37093 is the first ultra-massive ZZ Ceti star discovered by Kanaan et al. (1992) . This star is characterized by T eff = 11 370 K and log g = 8.843 (Nitta et al. 2016) . We searched for a pulsation model that best matches the individual pulsation periods of BPM 37093. The goodness of the match between the theoretical pulsation periods (Π T k ) and the observed periods (Π O i ) is measured by means of a merit function defined as
where N is the number of observed periods. The WD model that shows the lowest value of χ 2 , if exists, is adopted as the "best-fit model". We assumed two possibilities for the mode identification: (i) that all of the observed periods correspond to g modes with = 1, and (ii) that the observed periods correspond to a mix of g modes with = 1 and = 2. We considered the eight periods employed by Metcalfe et al. (2004) (see Table 1 ). The case (i) did not show clear solutions compatible with BPM 37093 in relation to its spectroscopically-derived effective temperature. Instead, the case (ii) resulted in a clear seismological solution for a WD model with M = 1.16M , T eff = 11 650 K and log(M H /M ) = −6.
In Table 1 we show the periods of the best-fit model along with the harmonic degree, the radial order, and the period differences (theoretical minus observed). Most of the periods of BPM 37093 are identified as = 2 modes. This is not expected due to geometric cancellation effects (that is, = 1 modes should be more easily detectable than = 2 modes). In Table 2 , we list the main characteristics of the best-fit model for BPM 37093. The parameters of the best fit model are in agreement with the spectroscopically derived ones. On the other hand, the asteroseismological distance differs somewhat from the astrometric distance obtained with Gaia.
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